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Abstract—We present a certifiably globally optimal algorithm
for determining the extrinsic calibration between two sensors
that are capable of producing independent egomotion estimates.
This problem has been previously solved using a variety of
techniques, including local optimization approaches that have no
formal global optimality guarantees. We use a quadratic objective
function to formulate calibration as a quadratically constrained
quadratic program (QCQP). By leveraging recent advances in the
optimization of QCQPs, we are able to use existing semidefinite
program (SDP) solvers to obtain a certifiably global optimum via
the Lagrangian dual problem. Our problem formulation can be
globally optimized by existing general-purpose solvers in less than
a second, regardless of the number of measurements available
and the noise level. This enables a variety of robotic platforms to
rapidly and robustly compute and certify a globally optimal set
of calibration parameters without a prior estimate or operator
intervention. We compare the performance of our approach
with a local solver on extensive simulations and multiple real
datasets. Finally, we present necessary observability conditions
that connect our approach to recent theoretical results and
analytically support the empirical performance of our system.
Index Terms—Calibration and Identification, Optimization and
Optimal Control, Localization
I. INTRODUCTION
ROBOTS rely on calibrated sensors in order to safely andeffectively carry out complex tasks. For mobile robots
equipped with multiple instruments, an accurate estimate of the
relative pose (extrinsic calibration) between each pair of sen-
sors is crucial in enabling capabilities like reliable localization
and mapping. Commercial robots may ship with a factory cal-
ibration performed by experts using precision equipment that
is unavailable to the end user. During operation, intentional
adjustments or unintended mechanical stresses may necessitate
recalibration in the field. This need for recalibration outside
of a factory or laboratory setting has led to a plethora of auto-
matic calibration methods for a variety of sensor combinations
[1]–[4]. These methods operate with varying speed, accuracy,
and assumptions about the robot’s environment, and also differ
in the level of sensor specificity and technician involvement
required. Robots capable of true long-term autonomy must
leverage accurate and fully automatic calibration procedures
that work in their deployed environments. However, most
existing approaches do not come with any guarantee that
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Fig. 1. We compute the extrinsic calibration between two egomotion sensors
by solving the Lagrangian dual of a nonconvex quadratically constrained
quadratic program. The dual is a convex problem, meaning it can be efficiently
solved to find the global optimum. We leverage recent theoretical results and
prove that the primal solution can be extracted from the dual solution, even
in the presence of very significant noise. This leads to a certifiably globally
optimal approach that outperforms local optimization methods that have no
formal guarantees.
globally optimal calibration parameters will be found (given
the available data); convergence to a local minimum may
result in very poor calibration quality, compromising both the
reliability and safety of the robot system.
In this paper, we develop a procedure for quickly deter-
mining the extrinsic calibration between any pair of sensors
capable of producing egomotion estimates. Our problem for-
mulation is closely related to [2], but we take a different
approach by leveraging recent advances in the optimization of
quadratically constrained quadratic programs (QCQPs). This
enables us to provide a certifiably globally optimal solution
to our cost function, even when severe measurement noise is
present, guaranteeing that our approach avoids local minima.
The main contributions of our work are
1) a QCQP formulation of extrinsic calibration from per-
sensor egomotion measurements,
2) a fast, certifiably globally optimal convex solution method
for our formulation,
3) a theorem connecting calibration observability and the
tightness of our Lagrangian dual solution (see supplemen-
tary material for proofs), and
4) an open source implementation and experimental analysis
of our algorithm in MATLAB.2
In our experiments we compare our work with a method
that uses a maximum likelihood estimation (MLE) problem
formulation and a local solver [2]. This comparison highlights
the viability of our cost function in terms of representing
the problem and getting an accurate estimate, while also
demonstrating the speed and guaranteed avoidance of local
minima that our formulation enables through global convex
optimization. Additionally, the global optimality guarantees
2See http://github.com/utiasSTARS/certifiable-calibration for code and
supplementary material.
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could be useful in providing a first estimate for a more
precise method using more probabilistic information or dense
reconstructions from sensor data, or to present a hypothesis
that helps reject outliers for a robust estimation scheme. Our
high-level goal is to demonstrate and experimentally verify
desirable theoretical properties of our QCQP formulation of
the extrinsic calibration problem, with an eye towards other
estimation problems in robotics and computer vision.
II. RELATED WORK
A unified framework for calibration between sensors capa-
ble of providing egomotion estimates was developed for 2D
and 3D motion respectively in [5] and [2]. In that framework,
a MLE problem is formulated and solved with an iterative
Levenberg-Marquardt solver. The closely related hand-eye
calibration problem [6] has been extensively studied [7], [8],
and we use a cost function formulation similar to the one in
[9].
A. Globally Optimal Calibration
The majority of automatic extrinsic calibration approaches
do not guarantee that the global optimum will be found. In
[10], the extrinsic calibration of a multi-beam lidar sensor
relative to a robot’s base frame is computed with a local
optimization method. The authors demonstrate that their ap-
proach avoids converging to inaccurate local optima, even
when initialized with highly inaccurate parameter values, but
they provide no formal guarantee that this condition holds in
general. Certain bespoke algorithms involving specific sensor
pairs and environmental features can be solved in closed form
with a minimal set of measurements [11], [12], but these meth-
ods require a local optimization when noise is present. The
approach for calibrating extrinsic sensor parameters relative
to a manipulator base in [13] relies on solving a point cloud
registration problem. While there are globally optimal branch-
and-bound (BnB) algorithms that can guarantee a solution
to point cloud registration up to a desired accuracy [14],
these techniques can be extremely slow. Similarly, the global
optimum of a hand-eye calibration problem is found in [15]
and [16] using BnB, but the runtime is orders of magnitude
larger than for convex methods.
The calibration methods closest to our own are found in [9]
and [17], where certifiably globally optimal solutions for hand-
eye calibration are recovered using the method of convex linear
matrix inequality relaxations [18]. However, in this paper we
focus on mobile robotic platforms, certify global optimality for
more severe noise, theoretically prove the global optimality of
our approach with new convex optimization theory [19], and
connect our approach with a well-known observability result.
B. Lagrangian Duality-Based Optimization
Recently, a number of certifiably correct solutions to es-
timation problems in robotics have been developed. In [20],
Lagrangian Duality was used for verifying whether a candidate
solution to a pose graph optimization (PGO) is globally
optimal. This approach led to fast solvers in [21] and [22] that
exploit the strong duality of PGO when measurement noise is
not severe. The related problem of rotation averaging has also
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<latexit sha1_base64="ljs689mHZeXbjjEiF+CvXVvqnM8=">AAACI3icbZDNSgMxFIUz/ tb6V3UjuAkWwYUOMzrauhMEcalgVWhLyaSpDc0kY3JHLEN9Gl3qi7gTNy58Cx/AdKaIigcCJ+fey02+MBbcgOe9O2PjE5NT04WZ4uzc/MJiaWn5wqhEU1ajSih9FRLDBJesBhwEu4o1I1Eo2G XYOxrWL2+ZNlzJc+jHrBmRa8k7nBKwUau02jhSSre5JMCONYlYSrZwCoNBq1T23N393aAa4Mzs7e3kJtivYN/1MpXRSKet0mejrWgSMQlUEGPqvhdDMyUaOBVsUGwkhsWE9sg1q1sr7S7TTLMf DPCGTdq4o7Q9EnCW/pxISWRMPwptZ0Sga/7WhuF/tXoCnWoz5TJOgEmaL+okAoPCQxy4zTWjIPrWEKq5fSumXaIJBQut2MgG05uEW4bbwjK62zZdpYEmYFx7yzEdZMK5qQQjc+B/Y7rYcX3P9 c+C8mEwAlZAa2gdbSIfVdAhOkGnqIYoukcP6Ak9O4/Oi/PqvOWtY85oZgX9kvPxBSlbpqA=</latexit><latexit sha1_base64="ljs689mHZeXbjjEiF+CvXVvqnM8=">AAACI3icbZDNSgMxFIUz/ tb6V3UjuAkWwYUOMzrauhMEcalgVWhLyaSpDc0kY3JHLEN9Gl3qi7gTNy58Cx/AdKaIigcCJ+fey02+MBbcgOe9O2PjE5NT04WZ4uzc/MJiaWn5wqhEU1ajSih9FRLDBJesBhwEu4o1I1Eo2G XYOxrWL2+ZNlzJc+jHrBmRa8k7nBKwUau02jhSSre5JMCONYlYSrZwCoNBq1T23N393aAa4Mzs7e3kJtivYN/1MpXRSKet0mejrWgSMQlUEGPqvhdDMyUaOBVsUGwkhsWE9sg1q1sr7S7TTLMf DPCGTdq4o7Q9EnCW/pxISWRMPwptZ0Sga/7WhuF/tXoCnWoz5TJOgEmaL+okAoPCQxy4zTWjIPrWEKq5fSumXaIJBQut2MgG05uEW4bbwjK62zZdpYEmYFx7yzEdZMK5qQQjc+B/Y7rYcX3P9 c+C8mEwAlZAa2gdbSIfVdAhOkGnqIYoukcP6Ak9O4/Oi/PqvOWtY85oZgX9kvPxBSlbpqA=</latexit><latexit sha1_base64="ljs689mHZeXbjjEiF+CvXVvqnM8=">AAACI3icbZDNSgMxFIUz/ tb6V3UjuAkWwYUOMzrauhMEcalgVWhLyaSpDc0kY3JHLEN9Gl3qi7gTNy58Cx/AdKaIigcCJ+fey02+MBbcgOe9O2PjE5NT04WZ4uzc/MJiaWn5wqhEU1ajSih9FRLDBJesBhwEu4o1I1Eo2G XYOxrWL2+ZNlzJc+jHrBmRa8k7nBKwUau02jhSSre5JMCONYlYSrZwCoNBq1T23N393aAa4Mzs7e3kJtivYN/1MpXRSKet0mejrWgSMQlUEGPqvhdDMyUaOBVsUGwkhsWE9sg1q1sr7S7TTLMf DPCGTdq4o7Q9EnCW/pxISWRMPwptZ0Sga/7WhuF/tXoCnWoz5TJOgEmaL+okAoPCQxy4zTWjIPrWEKq5fSumXaIJBQut2MgG05uEW4bbwjK62zZdpYEmYFx7yzEdZMK5qQQjc+B/Y7rYcX3P9 c+C8mEwAlZAa2gdbSIfVdAhOkGnqIYoukcP6Ak9O4/Oi/PqvOWtY85oZgX9kvPxBSlbpqA=</latexit><latexit sha1_base64="ljs689mHZeXbjjEiF+CvXVvqnM8=">AAACI3icbZDNSgMxFIUz/ tb6V3UjuAkWwYUOMzrauhMEcalgVWhLyaSpDc0kY3JHLEN9Gl3qi7gTNy58Cx/AdKaIigcCJ+fey02+MBbcgOe9O2PjE5NT04WZ4uzc/MJiaWn5wqhEU1ajSih9FRLDBJesBhwEu4o1I1Eo2G XYOxrWL2+ZNlzJc+jHrBmRa8k7nBKwUau02jhSSre5JMCONYlYSrZwCoNBq1T23N393aAa4Mzs7e3kJtivYN/1MpXRSKet0mejrWgSMQlUEGPqvhdDMyUaOBVsUGwkhsWE9sg1q1sr7S7TTLMf DPCGTdq4o7Q9EnCW/pxISWRMPwptZ0Sga/7WhuF/tXoCnWoz5TJOgEmaL+okAoPCQxy4zTWjIPrWEKq5fSumXaIJBQut2MgG05uEW4bbwjK62zZdpYEmYFx7yzEdZMK5qQQjc+B/Y7rYcX3P9 c+C8mEwAlZAa2gdbSIfVdAhOkGnqIYoukcP6Ak9O4/Oi/PqvOWtY85oZgX9kvPxBSlbpqA=</latexit><latexit sha1_base64="ljs689mHZeXbjjEiF+CvXVvqnM8=">AAACI3icbZDNSgMxFIUz/ tb6V3UjuAkWwYUOMzrauhMEcalgVWhLyaSpDc0kY3JHLEN9Gl3qi7gTNy58Cx/AdKaIigcCJ+fey02+MBbcgOe9O2PjE5NT04WZ4uzc/MJiaWn5wqhEU1ajSih9FRLDBJesBhwEu4o1I1Eo2G XYOxrWL2+ZNlzJc+jHrBmRa8k7nBKwUau02jhSSre5JMCONYlYSrZwCoNBq1T23N393aAa4Mzs7e3kJtivYN/1MpXRSKet0mejrWgSMQlUEGPqvhdDMyUaOBVsUGwkhsWE9sg1q1sr7S7TTLMf DPCGTdq4o7Q9EnCW/pxISWRMPwptZ0Sga/7WhuF/tXoCnWoz5TJOgEmaL+okAoPCQxy4zTWjIPrWEKq5fSumXaIJBQut2MgG05uEW4bbwjK62zZdpYEmYFx7yzEdZMK5qQQjc+B/Y7rYcX3P9 c+C8mEwAlZAa2gdbSIfVdAhOkGnqIYoukcP6Ak9O4/Oi/PqvOWtY85oZgX9kvPxBSlbpqA=</latexit><latexit sha1_base64="ljs689mHZeXbjjEiF+CvXVvqnM8=">AAACI3icbZDNSgMxFIUz/ tb6V3UjuAkWwYUOMzrauhMEcalgVWhLyaSpDc0kY3JHLEN9Gl3qi7gTNy58Cx/AdKaIigcCJ+fey02+MBbcgOe9O2PjE5NT04WZ4uzc/MJiaWn5wqhEU1ajSih9FRLDBJesBhwEu4o1I1Eo2G XYOxrWL2+ZNlzJc+jHrBmRa8k7nBKwUau02jhSSre5JMCONYlYSrZwCoNBq1T23N393aAa4Mzs7e3kJtivYN/1MpXRSKet0mejrWgSMQlUEGPqvhdDMyUaOBVsUGwkhsWE9sg1q1sr7S7TTLMf DPCGTdq4o7Q9EnCW/pxISWRMPwptZ0Sga/7WhuF/tXoCnWoz5TJOgEmaL+okAoPCQxy4zTWjIPrWEKq5fSumXaIJBQut2MgG05uEW4bbwjK62zZdpYEmYFx7yzEdZMK5qQQjc+B/Y7rYcX3P9 c+C8mEwAlZAa2gdbSIfVdAhOkGnqIYoukcP6Ak9O4/Oi/PqvOWtY85oZgX9kvPxBSlbpqA=</latexit>
rigid frame, 
time t
<latexit sha1_base64="grq0FSI2qfRIDLdtVNY6DQl16p8=">AAACCnicbVDLTgIxFO3gC /GFunTTSEzcMJnBUWRH4sYlJIIkQEynXKSx87C9YyQTvkCX+iPujFt/wv/wAywDMWo8SZPTc+5Jb48fS6HRcT6s3MLi0vJKfrWwtr6xuVXc3mnrKFEcWjySker4TIMUIbRQoIROrIAFvoRL/+ Zs6l/egdIiCi9wHEM/YNehGArO0EhNvCqWHPvo5Mg79WhGjo8rM+KdVKlrOxlKZI7GVfGzN4h4EkCIXDKtu64TYz9lCgWXMCn0Eg0x4zfsGrqGhiwA3U+zRSf0wCgDOoyUOSHSTP2ZSFmg9Tjw zWTAcKT/elPxP6+b4PC0n4owThBCPntomEiKEZ3+mg6EAo5ybAjjSphdKR8xxTiabgq9LJjeJsJUVZYM4b6sR5FCnqC2zW2S1VTLQGek6s1Jzf2uqV2xXcd2m16p7s0Ly5M9sk8OiUuqpE7OS YO0CCdAHsgTebYerRfr1XqbjeaseWaX/IL1/gU1spyd</latexit><latexit sha1_base64="grq0FSI2qfRIDLdtVNY6DQl16p8=">AAACCnicbVDLTgIxFO3gC /GFunTTSEzcMJnBUWRH4sYlJIIkQEynXKSx87C9YyQTvkCX+iPujFt/wv/wAywDMWo8SZPTc+5Jb48fS6HRcT6s3MLi0vJKfrWwtr6xuVXc3mnrKFEcWjySker4TIMUIbRQoIROrIAFvoRL/+ Zs6l/egdIiCi9wHEM/YNehGArO0EhNvCqWHPvo5Mg79WhGjo8rM+KdVKlrOxlKZI7GVfGzN4h4EkCIXDKtu64TYz9lCgWXMCn0Eg0x4zfsGrqGhiwA3U+zRSf0wCgDOoyUOSHSTP2ZSFmg9Tjw zWTAcKT/elPxP6+b4PC0n4owThBCPntomEiKEZ3+mg6EAo5ybAjjSphdKR8xxTiabgq9LJjeJsJUVZYM4b6sR5FCnqC2zW2S1VTLQGek6s1Jzf2uqV2xXcd2m16p7s0Ly5M9sk8OiUuqpE7OS YO0CCdAHsgTebYerRfr1XqbjeaseWaX/IL1/gU1spyd</latexit><latexit sha1_base64="grq0FSI2qfRIDLdtVNY6DQl16p8=">AAACCnicbVDLTgIxFO3gC /GFunTTSEzcMJnBUWRH4sYlJIIkQEynXKSx87C9YyQTvkCX+iPujFt/wv/wAywDMWo8SZPTc+5Jb48fS6HRcT6s3MLi0vJKfrWwtr6xuVXc3mnrKFEcWjySker4TIMUIbRQoIROrIAFvoRL/+ Zs6l/egdIiCi9wHEM/YNehGArO0EhNvCqWHPvo5Mg79WhGjo8rM+KdVKlrOxlKZI7GVfGzN4h4EkCIXDKtu64TYz9lCgWXMCn0Eg0x4zfsGrqGhiwA3U+zRSf0wCgDOoyUOSHSTP2ZSFmg9Tjw zWTAcKT/elPxP6+b4PC0n4owThBCPntomEiKEZ3+mg6EAo5ybAjjSphdKR8xxTiabgq9LJjeJsJUVZYM4b6sR5FCnqC2zW2S1VTLQGek6s1Jzf2uqV2xXcd2m16p7s0Ly5M9sk8OiUuqpE7OS YO0CCdAHsgTebYerRfr1XqbjeaseWaX/IL1/gU1spyd</latexit><latexit sha1_base64="grq0FSI2qfRIDLdtVNY6DQl16p8=">AAACCnicbVDLTgIxFO3gC /GFunTTSEzcMJnBUWRH4sYlJIIkQEynXKSx87C9YyQTvkCX+iPujFt/wv/wAywDMWo8SZPTc+5Jb48fS6HRcT6s3MLi0vJKfrWwtr6xuVXc3mnrKFEcWjySker4TIMUIbRQoIROrIAFvoRL/+ Zs6l/egdIiCi9wHEM/YNehGArO0EhNvCqWHPvo5Mg79WhGjo8rM+KdVKlrOxlKZI7GVfGzN4h4EkCIXDKtu64TYz9lCgWXMCn0Eg0x4zfsGrqGhiwA3U+zRSf0wCgDOoyUOSHSTP2ZSFmg9Tjw zWTAcKT/elPxP6+b4PC0n4owThBCPntomEiKEZ3+mg6EAo5ybAjjSphdKR8xxTiabgq9LJjeJsJUVZYM4b6sR5FCnqC2zW2S1VTLQGek6s1Jzf2uqV2xXcd2m16p7s0Ly5M9sk8OiUuqpE7OS YO0CCdAHsgTebYerRfr1XqbjeaseWaX/IL1/gU1spyd</latexit><latexit sha1_base64="grq0FSI2qfRIDLdtVNY6DQl16p8=">AAACCnicbVDLTgIxFO3gC /GFunTTSEzcMJnBUWRH4sYlJIIkQEynXKSx87C9YyQTvkCX+iPujFt/wv/wAywDMWo8SZPTc+5Jb48fS6HRcT6s3MLi0vJKfrWwtr6xuVXc3mnrKFEcWjySker4TIMUIbRQoIROrIAFvoRL/+ Zs6l/egdIiCi9wHEM/YNehGArO0EhNvCqWHPvo5Mg79WhGjo8rM+KdVKlrOxlKZI7GVfGzN4h4EkCIXDKtu64TYz9lCgWXMCn0Eg0x4zfsGrqGhiwA3U+zRSf0wCgDOoyUOSHSTP2ZSFmg9Tjw zWTAcKT/elPxP6+b4PC0n4owThBCPntomEiKEZ3+mg6EAo5ybAjjSphdKR8xxTiabgq9LJjeJsJUVZYM4b6sR5FCnqC2zW2S1VTLQGek6s1Jzf2uqV2xXcd2m16p7s0Ly5M9sk8OiUuqpE7OS YO0CCdAHsgTebYerRfr1XqbjeaseWaX/IL1/gU1spyd</latexit><latexit sha1_base64="grq0FSI2qfRIDLdtVNY6DQl16p8=">AAACCnicbVDLTgIxFO3gC /GFunTTSEzcMJnBUWRH4sYlJIIkQEynXKSx87C9YyQTvkCX+iPujFt/wv/wAywDMWo8SZPTc+5Jb48fS6HRcT6s3MLi0vJKfrWwtr6xuVXc3mnrKFEcWjySker4TIMUIbRQoIROrIAFvoRL/+ Zs6l/egdIiCi9wHEM/YNehGArO0EhNvCqWHPvo5Mg79WhGjo8rM+KdVKlrOxlKZI7GVfGzN4h4EkCIXDKtu64TYz9lCgWXMCn0Eg0x4zfsGrqGhiwA3U+zRSf0wCgDOoyUOSHSTP2ZSFmg9Tjw zWTAcKT/elPxP6+b4PC0n4owThBCPntomEiKEZ3+mg6EAo5ybAjjSphdKR8xxTiabgq9LJjeJsJUVZYM4b6sR5FCnqC2zW2S1VTLQGek6s1Jzf2uqV2xXcd2m16p7s0Ly5M9sk8OiUuqpE7OS YO0CCdAHsgTebYerRfr1XqbjeaseWaX/IL1/gU1spyd</latexit>
t+ 1
<latexit sha1_base64="xhua4rstsMQCooYT5T+RDfXu2Z0=">AAACDnicbVDLSgMxFM3UV 62vqks3wSII0mGmnb52BTcuK9gHtKVk0rQNzTxM7ohl6DfoUn/Enbj1F/wPP8B0WkTFA4GTc+4hN8cNBVdgWR9Gam19Y3MrvZ3Z2d3bP8geHrVUEEnKmjQQgey4RDHBfdYEDoJ1QsmI5wrWdq eXC799x6TigX8Ds5D1PTL2+YhTAlpqAr7A9iCbs8xiuehUHZyQUqmwJE65gm3TSpBDKzQG2c/eMKCRx3yggijVta0Q+jGRwKlg80wvUiwkdErGrKupTzym+nGy7ByfaWWIR4HUxwecqD8TMfGU mnmunvQITNRfbyH+53UjGFX7MffDCJhPlw+NIoEhwIuf4yGXjIKYaUKo5HpXTCdEEgq6n0wvCca3Edd15QUBdp9Xk0ACjUCZ+jZPaqolwEtScVakZn/X1CqYtmXa106u7qwKS6MTdIrOkY0qq I6uUAM1EUUcPaAn9Gw8Gi/Gq/G2HE0Zq8wx+gXj/QvNs51h</latexit><latexit sha1_base64="xhua4rstsMQCooYT5T+RDfXu2Z0=">AAACDnicbVDLSgMxFM3UV 62vqks3wSII0mGmnb52BTcuK9gHtKVk0rQNzTxM7ohl6DfoUn/Enbj1F/wPP8B0WkTFA4GTc+4hN8cNBVdgWR9Gam19Y3MrvZ3Z2d3bP8geHrVUEEnKmjQQgey4RDHBfdYEDoJ1QsmI5wrWdq eXC799x6TigX8Ds5D1PTL2+YhTAlpqAr7A9iCbs8xiuehUHZyQUqmwJE65gm3TSpBDKzQG2c/eMKCRx3yggijVta0Q+jGRwKlg80wvUiwkdErGrKupTzym+nGy7ByfaWWIR4HUxwecqD8TMfGU mnmunvQITNRfbyH+53UjGFX7MffDCJhPlw+NIoEhwIuf4yGXjIKYaUKo5HpXTCdEEgq6n0wvCca3Edd15QUBdp9Xk0ACjUCZ+jZPaqolwEtScVakZn/X1CqYtmXa106u7qwKS6MTdIrOkY0qq I6uUAM1EUUcPaAn9Gw8Gi/Gq/G2HE0Zq8wx+gXj/QvNs51h</latexit><latexit sha1_base64="xhua4rstsMQCooYT5T+RDfXu2Z0=">AAACDnicbVDLSgMxFM3UV 62vqks3wSII0mGmnb52BTcuK9gHtKVk0rQNzTxM7ohl6DfoUn/Enbj1F/wPP8B0WkTFA4GTc+4hN8cNBVdgWR9Gam19Y3MrvZ3Z2d3bP8geHrVUEEnKmjQQgey4RDHBfdYEDoJ1QsmI5wrWdq eXC799x6TigX8Ds5D1PTL2+YhTAlpqAr7A9iCbs8xiuehUHZyQUqmwJE65gm3TSpBDKzQG2c/eMKCRx3yggijVta0Q+jGRwKlg80wvUiwkdErGrKupTzym+nGy7ByfaWWIR4HUxwecqD8TMfGU mnmunvQITNRfbyH+53UjGFX7MffDCJhPlw+NIoEhwIuf4yGXjIKYaUKo5HpXTCdEEgq6n0wvCca3Edd15QUBdp9Xk0ACjUCZ+jZPaqolwEtScVakZn/X1CqYtmXa106u7qwKS6MTdIrOkY0qq I6uUAM1EUUcPaAn9Gw8Gi/Gq/G2HE0Zq8wx+gXj/QvNs51h</latexit><latexit sha1_base64="xhua4rstsMQCooYT5T+RDfXu2Z0=">AAACDnicbVDLSgMxFM3UV 62vqks3wSII0mGmnb52BTcuK9gHtKVk0rQNzTxM7ohl6DfoUn/Enbj1F/wPP8B0WkTFA4GTc+4hN8cNBVdgWR9Gam19Y3MrvZ3Z2d3bP8geHrVUEEnKmjQQgey4RDHBfdYEDoJ1QsmI5wrWdq eXC799x6TigX8Ds5D1PTL2+YhTAlpqAr7A9iCbs8xiuehUHZyQUqmwJE65gm3TSpBDKzQG2c/eMKCRx3yggijVta0Q+jGRwKlg80wvUiwkdErGrKupTzym+nGy7ByfaWWIR4HUxwecqD8TMfGU mnmunvQITNRfbyH+53UjGFX7MffDCJhPlw+NIoEhwIuf4yGXjIKYaUKo5HpXTCdEEgq6n0wvCca3Edd15QUBdp9Xk0ACjUCZ+jZPaqolwEtScVakZn/X1CqYtmXa106u7qwKS6MTdIrOkY0qq I6uUAM1EUUcPaAn9Gw8Gi/Gq/G2HE0Zq8wx+gXj/QvNs51h</latexit><latexit sha1_base64="xhua4rstsMQCooYT5T+RDfXu2Z0=">AAACDnicbVDLSgMxFM3UV 62vqks3wSII0mGmnb52BTcuK9gHtKVk0rQNzTxM7ohl6DfoUn/Enbj1F/wPP8B0WkTFA4GTc+4hN8cNBVdgWR9Gam19Y3MrvZ3Z2d3bP8geHrVUEEnKmjQQgey4RDHBfdYEDoJ1QsmI5wrWdq eXC799x6TigX8Ds5D1PTL2+YhTAlpqAr7A9iCbs8xiuehUHZyQUqmwJE65gm3TSpBDKzQG2c/eMKCRx3yggijVta0Q+jGRwKlg80wvUiwkdErGrKupTzym+nGy7ByfaWWIR4HUxwecqD8TMfGU mnmunvQITNRfbyH+53UjGFX7MffDCJhPlw+NIoEhwIuf4yGXjIKYaUKo5HpXTCdEEgq6n0wvCca3Edd15QUBdp9Xk0ACjUCZ+jZPaqolwEtScVakZn/X1CqYtmXa106u7qwKS6MTdIrOkY0qq I6uUAM1EUUcPaAn9Gw8Gi/Gq/G2HE0Zq8wx+gXj/QvNs51h</latexit><latexit sha1_base64="xhua4rstsMQCooYT5T+RDfXu2Z0=">AAACDnicbVDLSgMxFM3UV 62vqks3wSII0mGmnb52BTcuK9gHtKVk0rQNzTxM7ohl6DfoUn/Enbj1F/wPP8B0WkTFA4GTc+4hN8cNBVdgWR9Gam19Y3MrvZ3Z2d3bP8geHrVUEEnKmjQQgey4RDHBfdYEDoJ1QsmI5wrWdq eXC799x6TigX8Ds5D1PTL2+YhTAlpqAr7A9iCbs8xiuehUHZyQUqmwJE65gm3TSpBDKzQG2c/eMKCRx3yggijVta0Q+jGRwKlg80wvUiwkdErGrKupTzym+nGy7ByfaWWIR4HUxwecqD8TMfGU mnmunvQITNRfbyH+53UjGFX7MffDCJhPlw+NIoEhwIuf4yGXjIKYaUKo5HpXTCdEEgq6n0wvCca3Edd15QUBdp9Xk0ACjUCZ+jZPaqolwEtScVakZn/X1CqYtmXa106u7qwKS6MTdIrOkY0qq I6uUAM1EUUcPaAn9Gw8Gi/Gq/G2HE0Zq8wx+gXj/QvNs51h</latexit>
time
Vˆat
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Vˆbt
⇥ = Tb,a
Fig. 2. We perform extrinsic calibration by using two pairs of rigidly attached
egomotion sensors. The extrinsic calibration Θ ∈ SE(3) relates the poses
of sensors a and b, which are rigidly fixed to the same robot body during
measurement acquisition. At each timestep t, the sensors produce independent
egomotion estimates Vˆat , Vˆbt ∈ SE(3), which are used to estimate Θ.
proven amenable to globally optimal duality-based solution
methods in [23] and [24].
Other problems involving optimization over SO(3) or SE(3)
variables that can be solved via their Lagrangian dual include
generalized point cloud registration with known correspon-
dences [25], [26] and the relative camera pose problem [27].
Both of these problems involve optimization over a single
rotation argument, and both use the method of adding re-
dundant orthogonality constraints found in [28] and [29] for
recovering a tight dual. In this work, we develop a problem
structure similar to that of [25] and use the same basic solution
procedure.
III. PROBLEM FORMULATION
In this section, we describe the notation, variables, and
cost function used to formulate the optimization problem
considered in the remainder of the paper. Figure 2 summarizes
the kinematics used in our formulation.
A. Notation
Boldface is used for vector and matrix variables with
lowercase and uppercase letters respectively (e.g. x,A). The
vector representing the ith column of the matrix A is denoted
Ai. The 3 × 3 identity matrix is written I. The matrix of
zeros of size m × n is denoted 0m×n (or without subscripts
when the dimensions can be easily inferred from context). We
use Sym(d) to denote the set of d × d symmetric matrices.
The homogeneous transformation matrix Ta,b transforms the
coordinates of a point expressed in reference frame b into the
coordinates of the same point expressed in frame a. We write
A  0 to indicate that A is a positive semidefinite matrix
and A  0 to indicate positive definiteness. The Kronecker
product between two matrices is denoted A⊗B. Finally, A/B
denotes the Schur complement [30] of matrix A with one of
its diagonal sub-matrices B.
B. Extrinsic Calibration from Per-Sensor Egomotion
Our problem formulation is closely related to that in [2].
Figure 2 displays the problem setup and relevant parameters.
Sensors a and b are rigidly attached to a vehicle or rig. We
denote the coordinate frames in which egomotion estimates
are made at time step t with F−→a,t and F−→b,t. We assume that
the sensors produce pairs of egomotion estimates represented
by homogeneous transformation matrices Tˆat−1,at , Tˆbt−1,bt ∈
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SE(3) corresponding to the motion from time step t−1 to time
step t, which can be achieved for unsynchronized sensors via
an interpolation method [5].
We represent the constant extrinsic calibration between F−→a,t
and F−→b,t with the homogeneous transformation matrix
Θ = Tb,a =
[
R t
0 1
]
. (1)
At any time t, the following relationship holds between Θ and
the absolute pose of sensors a and b in the world frame F−→w:
Tat = Tw,at = TbtΘ = Tw,btΘ. (2)
We simplify the notation for the true motion of sensor s from
time step t− 1 to time step t with
Tst−1,st = Vst , s ∈ {a, b}, (3)
=
[
Rst tst
0 1
]
. (4)
We now use the assumption that the extrinsic calibration is
constant to derive a useful equation relating Θ to the relative
motions Vst :
Tat = TbtΘ, (5)
Tat−1Vat = Tbt−1VbtΘ, (6)
T−1bt−1Tat−1Vat = VbtΘ, (7)
ΘVat = VbtΘ. (8)
This final expression is found in many calibration papers [7],
[9] and will allow us to form a cost function based on the
noisy relative motion measurements Vˆat and Vˆbt .
C. QCQP Formulation
We are now able to formulate a QCQP that seeks an optimal
Θ matrix:
minimize
R,t
JR + Jt,
subject to R ∈ SO(3),
(9)
where
JR =
n∑
i=1
κi‖RRai −RbiR‖2F (10)
is the rotation cost and
Jt =
n∑
i=1
τi‖Rtai + t−Rbit− tbi‖22 (11)
is the translation cost. The cost function is derived by ex-
panding the expression ‖ΘVai−VbiΘ‖2F and weighting each
term based on the rotational and translational measurement
confidence parameters κi and τi. Since our approach is not
an exact MLE derivation, these parameters must be estimated
from measurement confidences returned by the egomotion
estimation algorithm(s) employed via heuristics like covari-
ance propagation rules through nonlinear functions [5]. In
many cases this probabilistic information is unavailable and
the parameters can be set to unity, corresponding to many
geometric approaches in the literature [9].
Since the terms within both quadratic norms in the primal
problem (9) are linear or constant with respect to our optimiza-
tion variables R and t, the resulting cost function is quadratic.
The constraint R ∈ SO(3) can also be written as the following
set of quadratic equations:
RTR = I, (12)
Ri ×Rj = Rk, i,j,k = cyclic(1,2,3), (13)
where cyclic(1,2,3) indicates the cyclic permutations (includ-
ing identity) of the set {1,2,3}. These are orthogonality and
“right-handedness” constraints on R. While the handedness
constraints distinguish SO(3) from its complement in O(3),
O(3) is the disjoint union of these sets and therefore the or-
thogonality constraints alone are often sufficient for estimation
problems [21]. However, we will see in Section IV that the
handedness constraints are useful for our particular problem
and solution method.
We add an additional homogenizing variable y that makes
the objective and constraints purely quadratic (i.e., no linear
or constant terms in the objective and no linear terms in the
equality constraints). This trick leads to a simple derivation of
the Lagrangian dual problem in Section IV as an SDP [20],
[25]. The homogenized primal problem has modified transla-
tional cost
J˜t =
n∑
i=1
τi‖Rtai + t−Rbit− ytbi‖22 (14)
and includes the additional constraint y2 = 1. Finally, the
SO(3) constraints become
RTR = y2I,
Ri ×Rj = yRk, i,j,k = cyclic(1,2,3).
IV. LAGRANGIAN DUAL
This section closely follows the derivation in [25], wherein
the authors also seek to solve a QCQP for an optimization
variable that is an element of SE(3). We begin by simplifying
the cost function of (9) by reorganizing Θ into a column vector
x = [tT rT y]T , (15)
r = vec(R), (16)
where vec(·) “unwraps” the columns of its matrix argument
into a single column. This allows us to apply the identity [31]
vec(AXB) = (BT ⊗A)vec(X) (17)
to each term in the cost functions in Equations 10 and 11 to
write the cost as a quadratic form,
JR + J˜t = x
TQx, (18)
where
Q =
[
03×3 03×10
010×3 Qr
]
+ Qt ∈ R13×13, (19)
and
Qr =
[∑n
i=1 κiM
T
r,iMr,i 09×1
01×9 0
]
, (20)
with each sub-matrix Mr,i taking the form
Mr,i = (R
T
ai ⊗ I)− (I⊗Rbi) ∈ R9×9. (21)
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Similarly for the translation components:
Qt =
n∑
i=1
τiM
T
t,iMt,i ∈ Sym(13), (22)
Mt,i = [I−Rbi (tTai ⊗ I) −tbi ]. (23)
Next, we note that the translation t is unconstrained and can
therefore be solved in closed form given the optimal rotation
R?. Following the procedure in [25], we can write
Q =
[
Qt,t Qt,r˜
Qr˜,t Qr˜,r˜
]
, (24)
which allows us to concisely write the optimal translation
t?(R?) = −Q−1t,tQt,r˜r˜?, (25)
where r˜ = [rT y]T . We can now substitute this expression for
t? into the cost function, allowing us to define
Q˜ = Q/Qt,t. (26)
This leads to a simpler QCQP with only r˜ as a variable:
minimize
r,y
r˜T Q˜r˜,
subject to R ∈ SO(3),
y2 = 1.
(27)
A. Dual Problem
The Lagrangian dual problem of a homogeneous QCQP is
a semidefinite program (SDP) [19]. For details on deriving the
Lagrangian dual of an optimization problem, see Chapter 5 of
[32]. Since the structure of (27) is identical to the problem
in [25] with the exception of a different Q˜ matrix, the dual
problem is the following SDP which is derived using an
identical procedure:
minimize
M,λ,γ
γ,
subject to Q˜ + P(λ,M, γ)  0.
(28)
The only constraint is a linear matrix inequality (LMI) which
is a function of the dual variables λ ∈ R9×1, M ∈ Sym(3),
and γ as well as the original problem data in the form of Q˜.
The matrix P(λ,M, γ) is a function of the constraints and
corresponding dual variables on R when written as a quadratic
form like the cost function. The sum of Q˜ and P(λ,M, γ)
forms the Hessian of the Lagrangian of the primal optimiza-
tion problem. For details on the structure and derivation of
P(λ,M, γ), see [25] and its supplementary material [33].
B. Redundant Constraints
Once again following the procedure in [25], we note that
while the column orthogonality constraints RTR = I and the
row orthogonality constraints RRT = I are redundant descrip-
tions for O(3), they are linearly independent. In other words,
the equations representing the column constraints cannot be
written as a linear combination of the equations representing
row constraints. In [28] and [29], the inclusion of both sets of
independent orthogonality constraints is shown to produce a
primal/dual problem pair with a smaller duality gap (without
changing the primal problem’s solution). To this end, we
modify our primal by adding the redundant row orthogonality
constraint. This leads to another dual variable N ∈ Sym(3)
and a modified constraint matrix P˜ in our new “strengthened”
dual problem:
minimize
λ,M,N,γ
γ,
subject to Q˜ + P˜(λ,M,N, γ)  0.
(29)
We summarize our approach in Algorithm 1, and visually
outline the key steps in Figure 1.
C. Observability and Strong Duality
The theorems in [19] provide methods of determining
whether a particular QCQP with a known zero-duality-gap
solution will exhibit strong duality when its problem param-
eters are perturbed (e.g., with noise in the case of sensor
measurements). Theorem 2 in our supplementary material
was used in [19] to verify the empirical observation in [20]
of strong duality for strictly convex noisy pose-graph opti-
mization problems. Aside from strict convexity, this theorem
requires that the noise-free problem’s solution is an uncon-
strained optimizer, and that typical regularity conditions are
satisfied. When these conditions are met, the existence of a
zero-duality-gap region is theoretically guaranteed. It is easy
to demonstrate numerically that most instances of (27) with
exact measurements (i.e., no noise) have zero-duality-gap. We
present the following theorem outlining necessary conditions
for our cost function to exhibit strict convexity. If strict
convexity is present, we demonstrate in the supplementary
material that the other conditions required by Theorem 2
can be demonstrated to hold via the methods in [19] for the
example of SO(d) synchronization.
Theorem 1. An instance of our extrinsic calibration from
egomotion problem has a strictly convex cost only if the
measurement data contains rotations of the sensor rig about
at least two unique axes.
See the supplementary material for a proof of Theorem
1. These necessary conditions are precisely the observability
requirements derived in [2] for the original formulation of the
problem. Extensive numerical trials strongly suggest that the
two-axis observability condition is also sufficient for a strictly
convex cost when combined with the requirement that both
sensors are translated in the inertial world frame, however we
leave the proof for future work.
Algorithm 1 Certifiably globally optimal calibration
Input: Relative motion measurements V = {Vˆat , Vˆbt}nt=1
Output: Global opt. extrinsic calibration Θ = {R?, t?}
1: function Calibrate(V)
2: Form Q from V . Data matrix, Eq. (24)
3: Q˜ ← Q/Qt,t . Schur complement, Eq. (26)
4: Form P˜(λ,M,N, γ) . Dual constraint matrix
5: R? ← Solution to SDP . Eq. (29)
6: t? ← −Q−1t,tQt,r˜r˜? . Eq. (25), r? = vec(R?)
7: return R?, t?
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V. EXPERIMENTS
In this section we evaluate our algorithm’s performance on
synthetic and real data. We begin with an empirical analysis of
the duality gap and the effect of adding redundant, independent
constraints. Synthetic data is then used to compare the accu-
racy and runtime of our algorithm with the local optimization
method in [2]. Finally, we apply our algorithm to a real dataset
provided by the authors of [2] that uses RGB-D cameras to
produce egomotion estimates.
Throughout this section, we will frequently refer to the
level of noise that is added to simulated measurements. We
use σt and σr to denote the standard deviation of translation
in meters and rotation measurements in radians, respectively.
To remain consistent with the experiments in [2], we apply
zero-mean Gaussian noise to translations and an Euler angle
representation of rotations. Since our cost function is not
an MLE formulation and only supports scalar weights for
translation and rotation costs, we use isotropic covariance
matrices Σt = σ2t I and Σr = σ
2
r I. The performance metrics
we use in this section are the L2 norms for translation vectors
(the Euclidean distance) and rotation matrices (the Frobenius
norm). These metrics are used to compare the accuracy of
estimates of Θ acquired by our algorithm and the local
optimization approach.
A. Simulated Data
To simulate measurements, we utilize a random smooth path
that contains rotations about two distinct axes to guarantee that
Θ is observable [2]. An example path is displayed in Figure
3. The path is constructed by tracing a circular route over a
landscape consisting of random sinusoidal functions in the z-
axis in terms of x- and y-axis variables. The two sensor frames
of reference are rigidly positioned according to their extrinsic
calibration on a virtual vehicle which traverses this smooth
path. The global poses of the individual sensors’ paths are
used to extract exact egomotion poses which are subsequently
corrupted with noise.
Fig. 3. Simulated path example. A landscape generated with a mixture
of random sinusoids is used to generate paths for sensors 1 and 2, which
are rigidly fixed to a virtual vehicle traversing the terrain. A circular path
over a terrain with varying elevation is chosen to ensure observability of the
calibration parameters (see Section IV-C).
1) Zero-Duality-Gap and Redundant Constraints: In Sec-
tion IV-C we demonstrated that our problem formulation is
guaranteed to exhibit strong duality even in the presence of
some finite measurement error (i.e., a zero-duality-gap region
exists). In this section we empirically verify this result while
also demonstrating that adding handedness and redundant
orthogonality constraints increases the size of the zero-duality-
gap region. While the exact amount of measurement error
the problem can tolerate is difficult to determine for our
problem’s high-dimensional measurement data, a theorem in
[19] provides a way of finding an analytical lower bound.
We leave analysis of redundant constraints using these lower
bounds as future work, and instead focus on experimental
insights here.
In order to study the effect of adding constraints to the
dual formulation, we formulated a simple observable problem
instance: a rotation of pi2 radians and a translation of 1 meter
about the vehicle’s x-axis, followed by the same manoeuvre
about the y-axis. Since our proof in the supplementary material
guarantees a region of zero-duality-gap for even the minimally
constrained case (i.e., only row orthogonality constraints),
we expect adding constraints will improve the tolerance to
measurement error. In order to keep the error injection process
simple, we only perturbed one of the rotation measurements
for each trial. The top bar graph in Figure 4 summarizes the
effect of the magnitude of this rotation perturbation (i.e., the
magnitude of the rotation angle in an axis-angle description
of the perturbing rotation matrix). Each bar represents the
percentage of 100 uniformly sampled axis directions that a
given set of constraints returned for a fixed perturbation mag-
nitude. For all noise levels tested, the handedness-augmented
constraint sets (R+H and R+C+H) are able to recover an exact
minimizer of the primal problem (i.e., strong duality holds),
whereas the smaller constraint sets do not guarantee a zero-
duality-gap problem instance. The redundant column orthog-
onality constraints (R+C) appear to improve the performance
of the default O(3) constraints (R), but this benefit appears to
be subsumed by the handedness constraints for all instances
tested.
In the bottom bar graph of Figure 4, the rotation perturbation
magnitude was fixed to pi2 and a similar translation perturbation
scheme was introduced for one of the measurements in our
minimally observable problem. Since both rotation and transla-
tion directions needed to be sampled at a sufficient resolution,
each bar represents 256 trials. Once severe translation error
(10 m) is introduced, the benefit of including the complete,
redundant constraint set (R+C+H) becomes clear.
2) Robustness to Noise: Figure 5 compares the performance
of our method with the local optimization approach in [2] for
varying values of σt and σr. Each pair of subplots represents
100 random trials on simulated data. When σt and σr are
low, the calibration results are similar for both methods. Our
approach is consistently more accurate than the local optimiza-
tion approach, especially as the noise becomes extreme. This
regime of noise is relevant for applications with low cost, noisy
sensors or environments that produce challenging conditions
(e.g. an urban canopy causing intermittent GPS readings or
low-texture surfaces for camera-based egomotion estimation).
We speculate that these results are due to local minima in the
high-dimensional cost function of the approach in [2]. Since
that method uses relative pose measurements from one of
the sensors as initial guesses for their corresponding variable
in the optimization, noisy measurements mean that many of
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Fig. 4. Performance of different O(3) and SO(3) constraints on a two-
measurement simulated problem instance. All results used row orthogonality
constraints at a minimum (R), with redundant column orthogonality (C) and
right-handedness constraints (H) being added as well. In the top chart, each
rotation magnitude (x-axis grouping) was used to create perturbations about
100 uniformly sampled axes of rotation. The bars indicate the percentage
of certified globally optimal solutions found at a particular perturbation
magnitude. The bottom chart has a fixed rotation perturbation magnitude of
pi
2
but also introduces a perturbation to one of the translation measurements
over a total of 256 trials.
these initializations will be inaccurate. Our algorithm avoids
this problem by treating all measurements as data instead of
variables, and by solving and certifying the global optimality
of a convex realization of the problem.
3) Initialization: For certain initial estimates of the extrin-
sic calibration Θ, the local optimization can also converge to
a local minimum, even under mild noise conditions. In Figure
6 we have plotted a heat map of the relative performance of
the local approach and our global convex approach. Each cell
corresponds to the maximum difference in the translation (left)
or rotation (right) error of the two algorithms’ estimates of Θ
over a uniform sampling of an initial guess for Θ. Higher
values indicate larger error for the local approach. The x-axis
varies the magnitude of the initial rotation guess’ angle in
an axis angle form, while the y-axis varies the magnitude of
the initial translation guess. As the distance from the true
calibration parameters increases, the accuracy of the local
minima degrade. In contrast, the convex formulation converges
for any initial conditions.
4) Runtime: Since our problem formulation fixes the num-
ber of optimization variables, solver runtime is independent of
the amount of data available. In contrast, the MLE approach
in [2] treats every relative motion as an optimization variable.
We performed a runtime comparison of both methods on a
desktop with an Intel Core I7-7820X 3.6 GHz CPU. Since
both algorithms require data setup that is slow when naively
implemented in MATLAB, we only compare the runtime of
the solvers. Our approach uses the general-purpose SDPT3
algorithm [34] provided by the CVX package [35]. The local
approach in [2] uses a custom Levenberg-Marquardt solver.
In Figure 7, the mean runtime along with 1st and 3rd quar-
tile bars from 100 random runs is plotted for both methods.
The local optimization approach’s runtime quickly grows as
Fig. 5. Histograms of translational and rotational L2 error for various noise
levels. The problem formulation and local solver from [2] is shown in red,
while our convex approach is in blue. Each subplot is a histogram showing
the distribution of either translation or rotation error in the estimate of Θ
over 100 random trials. Rotation noise increases from left to right while
translation noise increases from top to bottom. The performance of the local
solver degrades much more rapidly as the noise levels increase. Note that
rotation error is defined as the Frobenius norm of a rotation matrix and is
therefore dimensionless.
Fig. 6. Heatmap displaying the difference in translational calibration error
between the local approach and our convex algorithm for a randomly gener-
ated path. For each cell, 64 different initial values for Θ were used to seed
the local optimization. Each of these initial values had the same translation
and and rotation angle magnitude, as indicated by the cell’s position on the
axes. The yellow colour plotted indicates higher error in the local optimization
approach.
more measurements are added, while our approach is able to
solve any problem instance in under half a second on average.
The trend appears to continue for larger datasets, as the local
approach did not converge after waiting several hours for a
dataset of over 1000 poses, which our solver was able to easily
handle.
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Fig. 7. Mean solver runtime with 1st and 3rd quartile bars over 20 random
runs per data point. The number of relative pose measurements in the problem
data used is varied, exhibiting poor scaling for the local optimization approach
and virtually constant solver time for our convex approach.
Fig. 8. The sensor rig used in the “Starry Night” dataset. The IMU data reports
translational and rotational velocities, while the stereo camera observes static
point landmarks with known positions.
B. RGB-D Data
In this section, we use experimental data provided by the
authors of [2], obtained with Xtion RGB-D sensors. For
details about data collection, the extraction of relative pose
measurements, and ground truth, see [2]. In Table I we
compare the error with respect to ground truth of our algorithm
and the local optimization approach. Both algorithms are able
to acquire accurate extrinsic calibrations. We also include the
mean runtime of 100 applications of each solver on a laptop
computer with an Intel Core i5-5287U 2.90 GHz CPU. For
this dataset, we were able to find initial parameters that trap
the local optimization method in local minima in a pattern
similar to Figure 6, but only for initial parameters that are
tens of meters away from the true value. Nevertheless, our
method is much faster, and simulation results indicate that
local minima arise for realistic datasets with different noise
levels and types of measurements. Furthermore, an exhaustive
set of experiments is impossible for the uncountably infinite
number of problem instances, meaning our formal optimality
guarantees are a valuable tool and safer choice.
C. Starry Night Dataset
The “Starry Night” dataset consists of stereo vision and
pre-processed inertial measurement unit (IMU) readings from
an environment with static landmarks [36]. The dataset also
contains Vicon motion capture measurements of the sensor
rig’s motion and a groundtruth value of Θ. We used the
dataset to produce incremental egomotion estimates for the
stereo camera, IMU, and a second IMU trajectory estimate
using Vicon measurements of reflective markers placed on the
sensor rig. See Figure 8 for a photograph of the sensor rig.
Table I summarizes the results of a comparison between
our algorithm and the local method of [2]. The estimate
of Θ that uses Vicon and stereo camera measurements is
labelled “Vicon”, and both algorithms are able to obtain a
fairly accurate estimate from this data. However, our algorithm
is once again orders of magnitude faster. The results labelled
“IMU-5” compare integrated IMU measurements and camera
localization on all poses where at least 5 out of 20 possible
landmarks are visible to the stereo camera, ensuring accurate
estimation. Even though the IMU measurements have been
sanitized to remove biases, the velocity measurements are still
very noisy and lead to large drift in the trajectory estimate.
This is reflected in the results: both algorithms are able to
recover a reasonable estimate of the extrinsic orientation, but
neither manages to accurately estimate the relative position.
The local approach is similarly far slower with this data. In
order to study the accuracy of the algorithms on a number of
poses where the local optimization approach has a competitive
runtime, we downsampled the IMU and camera data to only
those poses where the camera is able to see 15 landmarks.
These results are labelled “IMU-15”, and neither algorithm is
able to obtain an accurate estimate, but the local approach’s
result is particularly erroneous, which indicates that it may be
trapped in a local minimum. Our globally optimal approach’s
rotational error is not egregiously large, and its fast runtime
means it could be suitable for bootstrapping another algorithm
that uses more data than relative poses but needs an initializa-
tion within some basin of convergence.
TABLE I
CALIBRATION RESULTS ON REAL DATA
Dataset Method L2 Error Runtime (s)
Trans. (cm) Rot.
RGB-D Local 1.2 0.026 4.80
Convex 1.3 0.026 0.31
Vicon Local 2.6 0.021 168.2
Convex 3.4 0.020 0.33
IMU-5 Local 16.5 0.14 133.4
Convex 21.3 0.17 0.40
IMU-15 Local 709.7 2.30 0.90
Convex 97.2 0.63 0.38
VI. CONCLUSION AND FUTURE WORK
In this work, we leveraged state-of-the-art certifiably glob-
ally optimal solution methods for QCQPs to create a novel,
general purpose extrinsic calibration algorithm. Our method
is faster than previous approaches, but more importantly it
is able to avoid convergence to local minima that other
methods fall prey to, even in the presence of severe noise. Our
algorithm’s beneficial properties were demonstrated through a
range of experiments involving simulated and real data, which
we intend to compare with a greater variety of algorithms
8 IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED DECEMBER, 2019
in future work. We provided a proof that observability of
the calibration parameters is a necessary condition for the
guaranteed tightness of our dual solution, and we plan to prove
it is also a sufficient condition. We also believe that the effect
of redundant constraints can be more precisely characterized
using the theory developed in [19].
The techniques used here can also be extended to the cali-
bration of other sensor configurations. Monocular cameras are
particularly interesting because they are only able to provide
egomotion estimates up to an unknown scale. Additionally,
the extrinsic calibration of multiple inertial measurement units
could also benefit from the globally optimal properties of
a QCQP formulation. We would also like to incorporate
accurate, non-isotropic measurement covariances into a MLE
formulation that can still be written as a QCQP, since this
information, when available, can be extremely valuable to
an estimator. Finally, a further avenue for future work is to
perform a comparison of SO(3) representations that admit a
QCQP formulation of the problem (e.g., comparing rotation
matrices with unit quaternions).
ACKNOWLEDGEMENT
We would like to thank Prof. Timothy D. Barfoot for use
of the “Starry Night” dataset.
REFERENCES
[1] G. Pandey, J. R. McBride, S. Savarese, and R. M. Eustice, “Automatic
extrinsic calibration of vision and lidar by maximizing mutual informa-
tion,” Journal of Field Robotics, vol. 32, no. 5, pp. 696–722, 2015.
[2] J. Brookshire and S. Teller, “Extrinsic calibration from per-sensor
egomotion,” Robotics: Science and Systems VIII, pp. 504–512, 2013.
[3] J. Kelly and G. S. Sukhatme, “Visual-inertial sensor fusion: Localiza-
tion, mapping and sensor-to-sensor self-calibration,” The International
Journal of Robotics Research, vol. 30, no. 1, pp. 56–79, 2011.
[4] J. Lambert, L. Clement, M. Giamou, and J. Kelly, “Entropy-based
sim(3) calibration of 2d lidars to egomotion sensors,” arXiv preprint
arXiv:1707.08680, 2017.
[5] J. Brookshire and S. Teller, “Automatic calibration of multiple coplanar
sensors,” Robotics: Science and Systems VII, vol. 33, 2012.
[6] R. Horaud and F. Dornaika, “Hand-eye calibration,” The international
journal of robotics research, vol. 14, no. 3, pp. 195–210, 1995.
[7] D. Condurache and A. Burlacu, “Orthogonal dual tensor method for
solving the ax=xb sensor calibration problem,” Mechanism and Machine
Theory, vol. 104, pp. 382–404, 2016.
[8] F. Dornaika and R. Horaud, “Simultaneous robot-world and hand-eye
calibration,” IEEE transactions on Robotics and Automation, vol. 14,
no. 4, pp. 617–622, 1998.
[9] J. Heller, D. Henrion, and T. Pajdla, “Hand-eye and robot-world cali-
bration by global polynomial optimization,” in Robotics and Automation
(ICRA), 2014 IEEE International Conference on. IEEE, 2014, pp.
3157–3164.
[10] J. Levinson and S. Thrun, “Unsupervised calibration for multi-beam
lasers,” in Experimental Robotics. Springer, 2014, pp. 179–193.
[11] R. Gomez-Ojeda, J. Briales, E. Fernandez-Moral, and J. Gonzalez-
Jimenez, “Extrinsic calibration of a 2d laser-rangefinder and a camera
based on scene corners,” in Robotics and Automation (ICRA), 2015 IEEE
International Conference on. IEEE, 2015, pp. 3611–3616.
[12] Q. Zhang and R. Pless, “Extrinsic calibration of a camera and laser
range finder (improves camera calibration).” in IROS, vol. 3, 2004, pp.
2301–2306.
[13] O. Limoyo, T. Ablett, F. Maric´, L. Volpatti, and J. Kelly, “Self-calibration
of mobile manipulator kinematic and sensor extrinsic parameters through
contact-based interaction,” arXiv preprint arXiv:1803.06406, 2018.
[14] J. Straub, T. Campbell, J. P. How, and J. W. Fisher III, “Efficient global
point cloud alignment using bayesian nonparametric mixtures,” in Proc.
IEEE Conference on Computer Vision and Pattern Recognition (CVPR),
vol. 2, 2017.
[15] J. Heller, M. Havlena, and T. Pajdla, “A branch-and-bound algorithm
for globally optimal hand-eye calibration,” in Proc. IEEE Conference
on Computer Vision and Pattern Recognition (CVPR). IEEE, 2012, pp.
1608–1615.
[16] T. Ruland, T. Pajdla, and L. Kru¨ger, “Globally optimal hand-eye
calibration,” in Proc. IEEE Conference on Computer Vision and Pattern
Recognition (CVPR). IEEE, 2012, pp. 1035–1042.
[17] J. Heller and T. Pajdla, “World-base calibration by global polynomial
optimization,” in 3D Vision (3DV), 2014 2nd International Conference
on, vol. 1. IEEE, 2014, pp. 593–600.
[18] J. B. Lasserre, “Global optimization with polynomials and the problem
of moments,” SIAM Journal on optimization, vol. 11, no. 3, pp. 796–817,
2001.
[19] D. Cifuentes, S. Agarwal, P. A. Parrilo, and R. R. Thomas, “On the local
stability of semidefinite relaxations,” arXiv preprint arXiv:1710.04287,
2017.
[20] L. Carlone, D. M. Rosen, G. Calafiore, J. J. Leonard, and F. Dellaert,
“Lagrangian duality in 3d slam: Verification techniques and optimal
solutions,” in Intelligent Robots and Systems (IROS), 2015 IEEE/RSJ
International Conference on. IEEE, 2015, pp. 125–132.
[21] D. M. Rosen, L. Carlone, A. S. Bandeira, and J. J. Leonard, “Se-
sync: A certifiably correct algorithm for synchronization over the special
euclidean group,” arXiv preprint arXiv:1612.07386, 2016.
[22] J. Briales and J. Gonzalez-Jimenez, “Cartan-sync: Fast and global se (d)-
synchronization,” IEEE Robotics and Automation Letters, vol. 2, no. 4,
pp. 2127–2134, 2017.
[23] J. Fredriksson and C. Olsson, “Simultaneous multiple rotation averaging
using lagrangian duality,” in Asian Conference on Computer Vision.
Springer, 2012, pp. 245–258.
[24] A. Eriksson, C. Olsson, F. Kahl, and T.-J. Chin, “Rotation averaging
and strong duality,” in Proc. IEEE Conference on Computer Vision and
Pattern Recognition (CVPR), 2018, pp. 127–135.
[25] J. Briales, J. Gonzalez-Jimenez, et al., “Convex global 3d registration
with lagrangian duality,” in Proc. IEEE Conference on Computer Vision
and Pattern Recognition (CVPR), 2017.
[26] C. Olsson and A. Eriksson, “Solving quadratically constrained geomet-
rical problems using lagrangian duality,” in Pattern Recognition, 2008.
19th International Conference on. IEEE, 2008, pp. 1–5.
[27] J. Briales, L. Kneip, and J. Gonzalez-Jimenez, “A certifiably globally
optimal solution to the non-minimal relative pose problem,” in Proc.
IEEE Conference on Computer Vision and Pattern Recognition (CVPR),
2018, pp. 145–154.
[28] K. Anstreicher and H. Wolkowicz, “On lagrangian relaxation of
quadratic matrix constraints,” SIAM Journal on Matrix Analysis and
Applications, vol. 22, no. 1, pp. 41–55, 2000.
[29] H. Wolkowicz, “A note on lack of strong duality for quadratic prob-
lems with orthogonal constraints,” European Journal of Operational
Research, vol. 143, no. 2, pp. 356–364, 2002.
[30] F. Zhang, The Schur complement and its applications. Springer Science
& Business Media, 2006, vol. 4.
[31] P. L. Fackler, “Notes on matrix calculus,” North Carolina State Univer-
sity, 2005.
[32] S. Boyd and L. Vandenberghe, Convex optimization. Cambridge
university press, 2004.
[33] J. Briales and J. Gonzalez-Jimenez, “Supplementary material for convex
global 3d registration with lagrangian duality.”
[34] K.-C. Toh, M. J. Todd, and R. H. Tu¨tu¨ncu¨, “Sdpt3a matlab software
package for semidefinite programming, version 1.3,” Optimization meth-
ods and software, vol. 11, no. 1-4, pp. 545–581, 1999.
[35] M. Grant, S. Boyd, and Y. Ye, “Cvx: Matlab software for disciplined
convex programming,” 2008.
[36] P. Furgale, T. D. Barfoot, and G. Sibley, “Continuous-time batch
estimation using temporal basis functions,” in Robotics and Automation
(ICRA), 2012 IEEE International Conference on. IEEE, 2012, pp.
2088–2095.
